I was  engrossed  in  my  discovery  of  two  velocities  in  the  case  of  parallel  surface 
conductors,  the  second  part  of  this  paper.  Its  publication  was  delayed  for  three 
years.  I failed  to  notice  the  much  more  important  implications  of  the  first  part, 
which  I only  realised  and  published  43  years  later,  see 

http://www.ivorcatt.co.uk/xl  1 1 .htm  . In  Figures  16  and  17  below,  we  see  a third 
mode,  neither  Even  Mode  nor  Odd  Mode.  The  superposition  of  Even  Mode  and 
Odd  Mode,  where  electric  current  flows  in  both  directions  along  the  passive  line, 
is  illegal  under  classical  electromagnetic  theory.  This  directs  us  to  Theory  C. 
http://www.ivorcatt.com/2608.htm . 

Ivor  Catt.  April  2011 
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Crosstalk  (Noise)  in  Digital  Systems 

IVOR  CATT 


Abstract — As  digital  system  speeds  increase  and  their  sizes 
flirmnish,  it  becomes  increasingly  important  to  understand  the  mech- 
anism of  signal  crosstalk  (noise)  in  interconnections  between  logic 
elements.  The  worst  case  is  when  two  wires  run  parallel  for  a long 
distance.  Past  literature  has  been  unsuccessful  in  explaining  cross- 
talk between  parallel  wires  above  a ground  plane,  because  it  was  as- 
sumed that  only  one  signal  propagation  velocity  was  involved. 

This  paper  proves  that  a signal  introduced  at  one  end  of  a printed 
wire  above  a ground  plane  in  the  presence  of  a second  parallel  (pas- 
sive) wire  must  break  up  into  two  signals  traveling  at  different  veloc- 
ities. The  serious  crosstalk  implications  are  examined. 

The  new  terms  slow  crosstalk  (SX),  fast  crosstalk  (FX)  and  dif- 
ferential crosstalk  (DX)  are  defined. 

Index  Terms— Crosstalk  (noise)  in  digital  systems,  Directional 
Couplers,  graphs  of  characteristic  impedance  and  crosstalk  in  Strip- 
line and  Microstrip,  interconnection  of  1-ns  logic  gates,  multilayer 
printed  circuit  boards,  resistive  paper  analog  for  measuring  L,  C 
and  Z. 

I.  Introduction 

The  PROPAGATION  delay  and  signal  rise  time  of 
logic  circuits  now  available  are  in  the  region  of  1 ns. 
To  gain  the  speed  advantage  that  these  circuits 
offer  us,  it  is  necessary  to  reduce  the  physical  size  of  a 
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system  to  less  than  one  cubic  foot,  so  that  the  effective 
speed  will  not  be  greatly  reduced  by  propagation  delays 
in  the  interconnecting  lines  (reference  [l],  page  104).  The 
problem  of  how  to  fit  all  the  interconnections  between 
logic  elements  into  such  a confined  space  is  a difficult 
one,  and  multilayer  printed  circuit  boards  seem  to  be 
necessary. 

Fig.  1 shows  a cross  section  of  such  a board.  In  order 
to  keep  signal  cross  coupling  (noise)  down  to  a reason- 
able level,  (say  10  percent  of  signal  amplitude),  at  least 
one  voltage  plane  must  separate  successive  layers  of  sig- 
nal lines.  At  a frequency  of  1 GHz,  skin  depth  in  copper 
(reference  [2],  page  238)  is  2X10~4  cm  ( — 0.00008  in.). 
At  10  GHz,  skin  depth  drops  to  7X10~5  cm  ( = 0.00003 
in.).  At  present,  it  is  not  practicable  to  laminate  copper 
less  thick  than  0.001  in.  (which  is  more  than  ten  times 
the  skin  depth).  This  means  that  in  practice,  a signal 
traveling  down  a signal  line  and  returning  by  the  imme- 
diately adjacent  voltage  plane (s)  will  not  penetrate  be- 
yond the  plane (s),  and  each  voltage  plane  will  screen 
signals  above  it  from  signals  below  it  with  negligible 
crosstalk  through  the  voltage  plane.  So  long  as  a signal 
is  transmitted  down  between  a signal  line  and  the  volt- 
age plane (s)  immediately  above  or  below  it,  the  only 
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crosstalk  (noise)  of  significance  will  be  between  signal 
lines  in  the  same  plane.  Care  must  be  taken  that  at  its 
source  and  destination,  the  signal  is  referenced  to  the 
correct  voltage  plane  (s). 

Depending  on  dielectric  thickness  separating  voltage 
planes,  there  may  be  insufficient  natural  decoupling  be- 
tween voltage  planes,  and  it  may  be  necessary  to  add 
discrete  voltage  supply  decoupling  capacitors  at  inter- 
vals around  the  board.  If  a signal  is  introduced  at  a 
point  LM  between  two  parallel  planes,  Fig.  2,  it  travels 
out  radially  between  the  planes,  seeing  a characteristic 
impedance  Zo  which  continually  decreases  as  time  in- 
creases and  r increases  (reference  [2],  page  395).  At  a 
radius  r, 


Now  the  velocity 

r _ 1 

t vV 

So  substituting  for  r, 


da 


A reflection  related  to  Z0  arrives  back  at  the  center 
at  time  2 t.  If  Z0  is  small  when  2 t — tr,  then  natural  de- 
coupling between  planes  is  satisfactory. 


i 


Fig.  2.  A signal  passing  through  layers  of  a multilayer  board  sees 
a series  impedance  between  the  planes,  which  reduces  the  ampli- 
tude of  the  signal  continuing  down  the  line. 


As  an  example,  if  2/  = l ns,  d~ 0.020  in., 

0.020  X 4tt  X 10~7 
Zo  = 4 ohms. 

2tt-1/2-10-9 

This  calculation  shows  that  it  is  possible  to  keep  the 
decoupling  between  voltage  planes  satisfactory  by  the 
addition  of  extra  decoupling  capacitors  distributed  at 
intervals  of  one  or  two  inches,  to  prevent  superposition 
of  signals  from  generating  unacceptably  large  voltage 
transients  between  planes. 

The  proportion  of  the  surface  area  occupied  by  minia- 
ture tantalum  capacitors  will  be  insignificant. 

The  problem  now  left  is  signal  crosstalk  (noise)  be- 
tween signal  lines  in  the  same  plane,  the  topic  of  this 
-paper.  The  worst  case  for  crosstalk  between  two  signal 
lines  is  when  they  are  parallel  and  close  together;  there- 
fore the  case  studied  in  this  paper  is  that  of  crosstalk 
(noise)  between  long  parallel  lines.  The  case  of  buried 
conductors  (Plane  C,  Fig.  1)  will  be  covered  in  Section 
II,  and  the  case  of  surface  conductors  (Plane  A,  Fig.  1) 
will  be  covered  in  Section  VI. 

II.  Description  of  Crosstalk  between 
Parallel  Buried  Conductors 

Fig.  24  shows  a cross  section  of  the  lines  under  discus- 
sion. Fig.  3 shows  a plan  view.  Fig.  4 shows  a diagram- 
matic representation  of  the  same. 

In  a computer  system,  a voltage-current  step  v , i, 
representing  a transition  from  the  false  state  to  the 
true  state,  is  introduced  at  AqGq.  Lines  are  assumed 
to  be  lossless  and  so  propagation  is  TEM.  If  Z0  is  the 
characteristic  impedance  between  the  lines  AqAi,  GqG^ 
then  v~iZo. 

When  this  signal  reaches  AiGi>  the  effect  of  the  line 
P\p2  has  to  be  considered.  \ 

If  the  front  end  PiGi  is  open  circuit,  no  current  can- 
flow  in  the  line,  and  the  only  change  in  Z0  will  be  due  to 
the  effect  of  charge  moving  in  a lateral  direction  across; 
the  passive  line.  This  effect  may  be  safely  neglected.  If 
P\G\  is  shorted,  the  change  in  Zo  on  line  A which  occur? 
at  AiGi  is  a maximum.  However,  if  the  line  spacing  k 


Fig.  3.  Plan  view  of  parallel  buried  conductors. 


Fig.  4.  Diagrammatic  representation  of  active  transmission 

line  and  passive  transmission  line.  is 
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such  that  the  maximum  crosstalk  between  lines  is  ac- 
ceptably low,  this  effect  may  also  be  neglected. 

[If 

maximum  crosstalk 

— = x, 

signal 

then  maximum  change  of  Z0  at  A\G\  is  by  a factor 
(1  —x2).  In  practice,  x<0.1.  So  change  of  Z o is  <0.01.] 

So  it  may  be  assumed  that  the  characteristic  imped- 
ance of  a line  is  not  altered  significantly  by  the  presence 
of  other  lines. 

It  is  not  possible  for  a current  voltage  signal  to  travel 
from  AiGi  to  A2G2  and  leave  the  line  PiP2  unaffected. 
Two  fundamental  TEM  modes  can  exist  on  a pair  of 
parallel  conducting  strips  between  parallel  ground 
planes,  (reference  [3],  page  29) 

One  mode  is  called  the  Even  coupled-strip  Mode 
(EM),  because  the  strips  are  at  the  same  potential  and 
carry  equal  currents  in  the  same  direction.  The  charac- 
teristic impedance  of  each  line  in  the  even  mode  is  Z oc. 

The  other  mode  is  called  the  Odd  coupled-strip 
Mode  (OM),  because  the  strips  are  at  equal  but  opposite 
potentials  and  carry  equal  currents  in  opposite  direc- 
tions. The  characteristic  impedance  of  each  line  in  the 
odd  mode  is  Z0o  (reference  [3],  page  29). 

Z()e  ]>  Zq  > Zq0 

Now  the  total  voltage  and  current  step  passing  Ai  is 
v , i,  where  v/i~Z0.  If  PiGi  is  open  circuit,  the  total  cur- 
rent passing  Pi  is  zero.  So  if  the  voltage-current  steps 
continuing  down  the  line  A iA2  are  respectively  ve,  ief 
for  the  EM  and  vQ , ia  for  the  OM  signal,  then  ie  — i0} 
ve+v0  = v. 

Also, 

V e leZ  Qe 

and 

Vo  VoZqo* 

Since  ie  — i0  and  Z0e>Z0o,  ve>v0. 

So  the  net  voltage  appearing  on  the  passive  line  is 
positive  and  equals 

VpiGx  ~ Ve  — % 

TgZ  oe  toZ  0o* 

The  ratio  of  crosstalk  amplitude  to  signal  is 

^PiG1!  ieZ$e  ioZoo 

V teZ  Qg  | "IqZ  o o 


Z Oe  + Zqo 


So  as  the  signal  travels  down  A iA2}  a smaller  crosstalk 
voltage  step  appears  on  the  line  P\P2 . The  crosstalk  that 
is  seen  is  the  small  difference  between  two  large  signals, 


whose  sum,  equal  to  the  original  signal  v%  i,  is  seen  on  the 
driven  line  AiA2.  This  crosstalk  is  here  defined  as  fast 
crosstalk  (FX),  because  its  full  amplitude  is  reached 
only  if  the  signal  rise  time  is  fast  compared  to  the 
propagation  time  down  PiP2.  The  magnitude  of  the 
crosstalk  so  obtained  is  the  maximum  that  can  appear 
anywhere  on  the  line  P\P2}  for  any  values  of  terminating 
resistors  at  P\G\  and  P2G2.  It  is  a good  value  to  use  for 
worst-case  design.  Fig.  24  gives  values  of  maximum 
crosstalk  for  various  cross  sectional  geometries. 

Fast  Crosstalk  (FX)  is  a flat  topped  pulse  whose  rise 
and  fall  times  equal  tr  for  the  original  signal,  and  whose 
width  equals  twice  the  propagation  time  down  the 
passive  line.  Jarvis  calls  it  the  Backward  Wave  (refer- 
ence [11  ],  page  481). 

Slow  Crosstalk  (SX)  is  the  degenerate  case  of  FX, 
when  the  propagation  time  down  the  passive  line  and 
back  is  less  than  tr.  SX  has  the  triangular  (noise  spike) 
shape  that  we  are  all  familiar  with  in  slower  logic. 

III.  Photographs  of  Crosstalk  in 
Buried  Conductors 

Photographs  were  taken  of  waveforms  generated  in 
pairs  of  buried  lines  of  various  cross  sectional  geometries. 
All  supported  the  theory  contained  in  this  paper. 

In  this  section,  waveforms  taken  from  only  one  pair 
of  transmission  lines  are  shown.  The  case  selected  was  a 
gross  case,  where  FX  exceeds  20  percent  and  the  lines 
are  very  long  and  close  together.  The  dimensions,  shown 
in  Fig.  5,  would  not  be  used  in  a practical  case,  but  they 
do  illustrate  the  theory  very  well.  Fig.  6 shows  the  art- 
work used  to  make  the  board. 

Fig.  7,  third  trace,  shows  a very  narrow  spike,  gen- 
erated by  an  E-H  125  pulse  generator  and  then  intro- 
duced to  the  front  (outside)  end  of  the  active  line  in 
Figs.  6 and  5.  This  spike  then  travels  down  the  active 
line.  Traces  2 and  1 of  Fig.  7 are  taken  further  down  the 
active  line.  Fig.  8 shows  the  same  points  on  the  passive 
line. 

Figs.  9 and  10  show  an  enlarged  view  of  the  third 
trace  in  Figs.  7 and  8.  According  to  the  theory,  these 
traces  should  be  identical  except  in  amplitude.  As  a fur- 
ther check,  Fig.  11  shows  the  front  end  of  the  passive 
line  on  a larger  voltage  scale. 

Fig.  12  shows  the  second  trace  of  Fig.  7 superimposed 
on  the  second  trace  of  Fig.  8.  Fig.  13  shows  the  same, 
with  one  signal  amplified.  As  predicted  by  theory,  we  see 
that  the  spikes  on  the  two  lines  are  equal  except  in  am- 
plitude. 

Figs.  14  and  15  are  a repeat  of  Figs.  7 and  8,  but  with 
the  front  end  of  the  passive  line  shorted  to  ground.  As 
predicted,  the  crosstalk  voltage  is  now  zero  amplitude 
all  down  the  line. 

Figs.  16  and  17  show  what  happens  if,  instead  of  in- 
troducing a spike  into  the  active  line  as  shown  in  Figs. 
7 and  8,  a step  is  introduced. 

Fig.  18  shows  waveforms  120  inches  down  both  lines 
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when  a common  mode  (EM)  pulse  is  introduced 
at  the  front  (outside)  end  of  the  active  and  passive  lines 
in  Figs.  6 and  5.  In  Fig.  18,  each  line  is  correctly  ter- 
minated with  84  ohms,  which  equals  Z0e,  so  that  an  EM 
signal  is  not  reflected.  However,  Fig.  19  shows  what 
happens  if  only  the  active  line  is  driven,  leaving  the 
front  end  of  the  passive  line  open  circuit.  The  EM  signal 
is  still  properly  terminated,  but  the  OM  signal  sees  too 
high  a termination  ( Zo0<Z0e ) and  so  is  partially  re- 
flected without  change  of  polarity. 

On  an  enlarged  scale,  Fig.  20  shows  what  happens  if 
the  reflection  is  reduced  to  zero  on  the  active  line  by 
altering  the  termination  resistor  on  the  active  line, 
while  keeping  the  terminations  on  the  two  lines  equal.  A 


negative  reflection  is  then  obtained  on  the  passive  line. 
This  is  because  with  this  value  (70  ohms)  the  inverted 
EM  reflection  exactly  cancels  the  OM  reflection  on  the 
active  line.  However,  they  add  rather  than  cancel  on  the 
passive  line.  So  Fig.  20  shows  that  it  is  not  possible  to 
stop  all  reflections  merely  by  terminating  lines  to 
ground.  The  way  to  stop  all  reflections  is  by  terminating 
the  lines  and  ground  in  a delta  of  resistors,  Fig.  21, 
so  that  OM  and  EM  signals  will  see  different  termina- 
tions, and  each  mode  will  be  terminated  correctly. 

Figs.  18  through  21  indicate  that  the  best  way  to  look 
at  this  problem  is  in  terms  of  the  two  modes,  even  and 
odd.  This  point  of  view  will  be  further  substantiated  in 
Section  VIII. 


Fig.  5.  Dimensions  of  board  used  to  produce  photographs. 
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’£•  7.  . Active  line.  Ihird  trace:  front  end  of  line.  Second  trace: 
120  inches  down  line.  First  trace:  234  inches  down  line.  Vertical 
Scale:  20  mV/div.  E-H-125  generator.  10-volt  pulse  through 
10-dB  pad  into  50-ohm  input  of  I ektronix  4S2  plug-in  unit  of 
661  oscilloscope.  Horizontal  scale:  5 ns/div. 


l ig.  8.  Passive  line.  Third  trace:  front  end  of  line.  Second  trace: 
120  inches  down  line,  hirst  trace:  234  inches  down  line. 


Fig.  9.  Enlarged  view  of  third  trace  in  Fig.  7.  Vertical  scale: 
20  mV/div.  Horizontal  scale:  200  ps/div. 
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Fig.  10.  Enlarged  view  of  third  trace  in  F'ig.  8. 
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Fig.  11.  Amplitude  of  Fig.  10  increased  to 
5 mV/div.  setting  on  scope. 


Fie.  12.  Second  trace  of  Fig.  7 superimposed  on  second  trace  of 
Fig.  8.  Vertical  scale:  uncalibrated.  Horizontal  scale:  500  ps/div. 


Fig.  13.  Same  as  Fig.  12  with  one  trace  amplified. 


Fig.  16 


Figs.  16  and  17.  Same  as  Figs.  7 and  8 but  with  a step  intro- 
duced into  the  active  line  instead  of  a narrow  spike. 


Fig.  14 


Fig.  15 

Figs.  14  and  15.  Same  as  Figs.  7 and  8 but  with  front  end  ot 
passive  line  shorted  to  ground  instead  of  open. 
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r 18  Even  mode  pulse  introduced  into  both  lines.  F irst  trace: 
' Active  line  120  inches  down  line.  “Active”  line  and  ‘ passive  line 
each  have  a termination  at  the  far  end  equal  to  ZDe(  — 85  onms) 
so  there  is  no  reflection  of  the  even  mode  pulse.  Second  trace: 
“Passive”  line  at  same  point.  Vertical  scale:  50  m\  /div.  Hori- 
zontal  scale:  10  ns/div. 
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Fig.  19.  Same  as  Fig.  18,  but  with  active  line  only  driven,  and 
passive  line  open  circuit  at  front  end.  Both  lines  still  terminated 
with  Zoe  at  far  end.  Notice  that  the  odd  mode  signal  is  partially 
reflected. 


a p 


Fig.  20.  Same  as  Fig.  19,  except  that  both  terminations  have  been 
reduced  until  the  reflection  on  the  active  line  (upper  trace)  dis- 
appears. Vertical  scale  has  been  increased  10  X to  5 mV/div. 
Note  that  a reflection  remains  on  the  passive  line. 


IV.  Theory  of  Crosstalk  in  Buried  Lines 

Cohn131  and  others^’*12!  have  said  that  two  funda- 
mental TEM  modes  can  exist  on  a pair  of  parallel  con- 
ducting strips  between  parallel  ground  planes.  (It  is 
assumed  that  the  system  is  lossless.)  These  modes  are 
described  in  Section  II.  The  proof  that  two  propagation 
modes  exist  is  included  in  Section  XI  and  Appendix  II 
for  the  case  of  two  wires  above  a single  ground  plane,  but 
it  is  equally  valid  for  buried  lines.  The  proof  implies  that 
any  signal  traveling  down  the  pair  of  lines  must  be  a 
combination  of  signals  in  the  two  modes  superposed. 
Since  the  characteristic  impedances,  Zoe  and  Z0o,  are 
unequal,  it  follows  that  if  voltage  and  current  in  the  ac- 
tive line  AiA2,  Fig.  4,  are  nonzero,  then  there  is  no  case 
when  both  voltage  and  current  in  the  passive  line  P1P2 
are  zero. 

To  short  the  front  end  of  the  passive  line,  Pi,  to 
ground  will  not  eliminate  crosstalk,  because  although 
the  voltage  vpxgx  will  thus  be  initially  clamped  to  zero, 
crosstalk  current  will  flow  along  P1P2,  resulting  in 
voltage  crosstalk  at  P2G2  after  reflection  of  the  primary 
waves. 


A 35o  JL  r 

r~Hw^ — c~j~i 

Kjk  I f as-n. 


Fig.  2 1 . Same  as  Fig.  20  except  that  the  two  lines  are  now  terminated 
with  the  correct  delta  of  resistors  so  that  there  is  no  reflection  ot 
even  mode  signals  or  of  odd  mode  signals.  With  this  delta,  an 
even  mode  signal  will  see  85  ohms  to  ground  at  the  far  end  ot 
each  line.  An  odd  mode  signal  will  see  56  ohms  to  ground  at  the 
far  end  of  each  line.  (Half  of  330  ohms  in  parallel  with  85  ohms 
equals  56  ohms). 


V.  Methods  of  Determining  Z 0,  Z oe,  Zo0,  and 
Fast  Crosstalk  between  Buried 
Conductors 

Resistive  Paper 

It  was  found  that  the  easiest  way  to  determine 
these  values  was  by  painting  electrodes  onto  resistive 
paper  to  represent  a cross  section  of  the  two  lines  and 
also  the  voltage  planes.  (It  is  possible  to  avoid  the 
tedium  of  painting  voltage  planes  by  cutting  the  resis- 
tive paper  through  the  center  of  the  conductors  and 
then  repeating  the  image  of  what  remains  below  the 
now  unnecessary  remaining  voltage  plane.) 

Z0,  Zoo,  and  Z0e  may  be  measured  directly  using  a 
resistance  meter  and  applying  a correction  factoi 
(1/p)  V/z/e,  where  p = resistance  per  square  of  the  paper. 
To  find  the  ratio  (maximum  FX)/signal,  a voltage  is 
simply  placed  on  one  line  and  the  resulting  voltage  is 
measured  on  the  other  line.  The  voltage  ratio  gives 
the  answer  directly. 

The  great  advantage  of  using  resistive  paper  is  that  it 
avoids  the  cost  and  time  delay  involved  in  fabricating 
boards.  The  results  obtained  agree  with  those  obtained 
by  direct  measurement  and  also  with  those  obtained  by 
calculation. 

Calculation 

Cohn  (reference  [3],  page  29)  has  exact  formulas  for 
Z0e  and  Zoo  for  buried  lines  of  zero  thickness.  He  also 
has  approximate  formulas  for  lines  of  finite  thickness. 
His  results  agree  with  the  results  achieved  by  using 
resistive  paper  and  also  with  results  of  direct  measure- 
ment. 
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Direct  Measurement 

Once  a board  has  been  fabricated  with  two  long  par- 
allel buried  lines,  it  is  reasonably  easy  to  send  a voltage 
step  down  one  line  and  measure  the  resulting  maximum 
FX  on  the  other  line.  So  the  ratio 

maximum  FX  Zo«  — Z 0* 
signal  Z0e  + Z0* 

can  be  determined  experimentally.  The  results  agree 
very  well  with  values  arrived  at  by  resistive  paper,  and 
also  by  calculation. 

It  is  also  possible  to  make  direct  measurement  of 
Z0et  2 Zoo,  using  a time  domain  reflectometer.  Also,  an 
L-C  meter  could  be  used  to  measure  the  appropriate 
inductances  and  capacitances.  Unfortunately,  these 
measurements  are  all  likely  to  be  inaccurate,  as  we  are 
dealing  either  with  small  values  or  with  small  differences 
between  large  values. 

VI.  Description  of  Crosstalk  in  Surface  Lines 

Fig.  25  shows  a cross  section  of  the  lines  under  discus- 
sion. Fig.  3 can  serve  as  a plan  view.  Fig.  4 can  serve  as 
a diagrammatic  representation  of  the  same. 

In  a computer  system,  a voltage-current  step  v,  i , 
representing  a transition  from  the  false  state  to  the 
true  state,  is  introduced  at  A0Go.  Propagation  is  ap- 
proximately TEM.  [See  Section  XI].  If  Zo  is  the  char- 
acteristic impedance  between  the  lines  AoAi,  GqGi, 
then  v—i  Zo. 

When  this  signal  reaches  AiGi,  the  effect  of  the  line 
PiP2  has  to  be  considered.  In  Section  II,  it  is  shown  that 
the  mismatch  on  line  A at  A i is  negligible  in  practical 
cases.  This  is  also  true  for  surface  lines.  So  voltage  and 
current  vt  i , continue  along  line  A past  A\. 

However,  as  in  Section  II,  when  the  signal  v,  i,  passes 
Ait  it  must  break  up  into  a combination  of  the  two 
possible  TEM  modes  for  a pair  of  parallel  conducting 
strips  above  a ground  plane.  These  modes  are  described 
in  Section  II. 

If  PiGi  is  open  circuit,  it  was  shown  in  Section  II 
that  the  ratio  of  crosstalk  amplitude  at  Pi  to  signal 
amplitude  is 

VplGi  Z oe  Zoo 

V Z oe  + Z0  0 

So  as  the  signal  travels  down  AiA2,  a smaller  crosstalk 
voltage  step  appears  at  Pi.  The  crosstalk  that  is  seen  is 
the  small  difference  between  two  large  signals,  whose 
sum,  equal  to  the  original  signal  v , i is  seen  on  the  driven 
line  at  A\. 

This  crosstalk  is  here  defined  as  fast  crosstalk,  FX, 
because  its  full  amplitude  is  reached  only  if  the  signal 
rise  time  is  fast  compared  to  the  propagation  time 
down  P1P2. 


Unlike  the  case  of  buried  conductors,  the  magnitude 
of  FX  is  not  the  maximum  that  can  appear  anywhere  on 
the  line  PiP2.  The  reason  for  this  is  that  as  surface  con- 
ductors are  in  an  inhomogeneous  medium,  the  OM  sig- 
nal travels  faster  than  the  EM,  (section  XI.  Also  refer- 
ences [3],  page  30  and  [8],  page  54)  and  so  further  down 
the  line  P1P2  the  OM  signal  appears  on  its  own  for  a 
time.  This  is  here  defined  as  Differential  Crosstalk 
(DX)  and  it  greatly  exceeds  FX.  In  long  lines,  it  reaches 
an  amplitude  of  approximately  v/2t  even  for  widely 
separated  lines.  To  reach  its  maximum  amplitude  of 
v/2,  the  difference  in  propagation  times  for  the  two 
modes  down  P1P2  must  exceed  the  rise  time  of  the  orig- 
inal signal  Vt  i . 

In  practice,  this  is  not  the  case,  and  only  a fraction  of 
the  maximum  possible  DX  appears.  The  actual  ampli- 
tude reached  by  DX  at  P2  is  equal  to 

v (difference  in  propagation  times  down  PiP2) 

2 signal  rise  time 

In  the  case  of  surface  lines,  the  designer  should  be 
sure  that  FX  is  not  excessive  and  also  that  DX  is  not 
excessive.  Both  of  these  are  reduced  by  increasing  line 
spacing.  DX  is  reduced  because  there  is  less  difference 
in  propagation  times  for  the  two  modes  with  more 
widely  spaced  lines. 

If  each  line  is  terminated  with  its  characteristic  im- 
pedance Z 0 at  AzGz,  then  reflected  DX  will  be  less  than 
FX,  and  so  need  not  be  considered.  However,  if  the  lines 
are  terminated  in  a mismatch,  such  as  short  circuits  or 
open  circuits,  then  the  OM  signal,  which  arrives  first  at 
A2P2,  will  be  reflected.  On  the  way  back  to  A\Pi,  it  will 
draw  further  away  from  the  (now  reflected)  EM  signal, 
So  if  the  lines  are  badly  terminated,  the  amplitude 
reached  by  reflected  DX  when  it  reaches  Px  will  equal 

v (difference  in  propagation  times  down  P1P2  and  back) 

2 signal  rise  time 

This  is  double  the  amplitude  reached  by  DX.  How 
ever,  this  is  not  a practical  case,  because  for  reasons  0 
reflections  alone  not  related  to  crosstalk,  A2G2  must  b 
terminated  properly.  So  we  need  only  consider  the  cas 
when  A2G2  is  properly  terminated,  either  by  a furthe 
length  of  line  A 2Az  or  by  a resistor  Z0,  and  there  is  onl 
a mismatch  (short  or  open)  at  P2G2,  In  that  case,  tb 
incident  OM  signal  will  be  reflected  in  two  modes,  haf 
OM  and  half  EM,  and  it  can  be  shown  that  the  max 
mum  amplitude  of  reflected  DX  will  be  only  about  ha 
the  maximum  DX. 

The  conclusion  is  that  in  practice  the  problem  1 
reflected  DX  may  be  ignored,  and  one  need  only  cot 
sider  FX  and  DX. 

VII.  Graphs  of  Characteristic 
Impedance  and  Crosstalk 
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Fig.  22.  Cross  section  of  buried  conductor  and  graph  of  resulting  characteristic  impedance. 
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Fig.  23.  Cross  section  of  surface  conductor  and  graph  of  resulting  characteristic  impedance. 
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Fig.  24.  Cross  section  of  buried  active  transmission  line  and  passive  transmission  line,  and  graph 

of  resulting  crosstalk  (D/h  may  be  scaled). 
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Fig.  25.  Cross  section  of  surface  active  transmission  line  and  passive  transmission  line,  and  graph 

of  resulting  crosstalk  (D/h  may  be  scaled). 
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VIII.  Photographs  of  Crosstalk 
in  Surface  Conductors 

Photographs  were  taken  of  waveforms  generated  in 
pairs  of  surface  lines  of  various  cross  sectional  geom- 
etries. All  supported  the  theory  contained  in  this  paper. 

In  this  section,  waveforms  taken  from  only  one  pair 
of  transmission  lines  are  shown.  The  case  selected  was  a 
gross  case,  where  FX  exceeds  30  percent  and  the  lines 
are  very  long  and  close  together.  The  dimensions,  shown 
in  Fig.  26,  would  not  be  used  in  a practical  case,  but 
they  do  illustrate  the  theory  very  well.  Fig.  27  shows 
the  artwork  used  to  make  the  board. 

Fig.  28,  third  trace,  shows  a very  narrow  spike,  gen- 
erated by  an  E-H  125  pulse  generator  and  then  intro- 
duced to  the  front  (outside)  end  of  the  active  line  in 
Figs.  26  and  27.  This  spike  then  travels  down  the  active 
line.  Traces  2 and  1 of  Fig.  28,  which  are  taken  further 
down  the  active  line,  show  that  the  original  spike 
breaks  up  into  two  spikes  traveling  at  different  veloci- 
ties. The  presence  of  the  parallel  passive  line  causes  this 
to  happen. 

Figs.  30  and  31  show  an  enlarged  view  of  the  third 
trace  in  Figs.  28  and  29.  According  to  the  theory,  these 
traces  should  be  identical  except  in  amplitude.  As  a fur- 
ther check,  Fig.  32  shows  the  front  end  of  the  passive 
line  on  a larger  voltage  scale. 

Fig.  33  shows  the  second  trace  of  Fig.  28  superim- 
posed on  the  second  trace  of  Fig.  29.  Fig.  34  shows  the 
same,  with  one  signal  inverted.  As  predicted  by  theory, 
the  spikes  on  the  two  lines  are  equal  or  equal  and  op- 
posite. 

Figs.  35  and  36  are  a repeat  of  Figs.  28  and  29,  but 
with  the  front  end  of  the  passive  line  shorted  to  ground. 
As  predicted,  the  EM  and  OM  signals  are  now  of  equal 
amplitude. 


Figs.  37  and  38  show  what  happens  if,  instead  of  in- 
troducing a spike  into  the  active  line  as  shown  in  Figs. 
28  and  29,  a step  is  introduced. 

Comparison  of  the  velocity  of  propagation  in  the  ab- 
sence of  a passive  line  is  shown  in  Fig.  39.  The  second 
trace  shows  the  time  of  arrival  of  the  two  spikes  at  the 
far  end  of  the  active  line  in  the  presence  of  a passive 
line.  To  get  the  first  trace,  a similar  board  was  con- 
structed without  a passive  line  and  a signal  of  identical 
amplitude  and  timing  was  introduced  at  the  front  end. 
This  picture  shows  that  OM  propagation  velocity  is  fast- 
er than  normal,  and  EM  propagation  velocity  is  slower 
than  normal  velocity  down  a single  line.  This  is  pre- 
dicted by  the  theory.  ^ 

Reflections 

Fig.  40  shows  the  waveforms  on  the  active  and  passive 
lines  at  a point  204  inches  down  the  lines.  The  far  end 
of  the  lines,  at  distance  270  inches,  is  open  circuit,  so  the 
signals  are  reflected  back  down  the  lines  unchanged. 

Fig.  41  shows  what  happens  if  the  far  end  of  the  ac- 
tive and  passive  lines  are  shorted  together.  The  OM  sig- 
nal sees  a short,  and  so  it  is  inverted  on  reflection.  The 
EM  signal  sees  an  open,  and  so  is  reflected  without 
inversion.  „ 

Fig.  42  shows  that  if  a resistor  equal  to  2 Z0o  is  placed 
between  the  ends  of  the  active  line  and  passive  lines,  the 
OM  signal  is  properly  terminated  and  does  not  reflect, 
while  the  EM  signal  is  fully  reflected. 

Figs.  43  and  44  show  the  complete  suppression  of 
reflections  which  results  if  the  lines  terminate  with  the 
correct  delta  of  resistors.  Comparison  of  Fig.  45  with  44 
shows  that  the  300-ohm  resistor  definitely  reduces  re- 
flections. 


Fig.  26.  Dimensions  of  board  used  to  produce  photographs. 
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Hg.  .30.  Enlarged  view  of  third  trace  in  Fig.  28.  Vertical  scale: 
20  mV/div.  setting  on  scope.  Horizontal  scale:  200  ps/div. 


Fig.  27.'2Artwork  used  to  make  board  (8.6  inches  X 7.9  inches). 


Fig.  31.  Enlarged  view  of  third  trace  in  Fig.  29. 


Fig.  32.  Amplitude  of  Fig.  31  increased  to 
5 mV/div.  setting  on  scope. 


ig.  28.  Active  line.  Third  trace:  front  end  of  line.  Second  trace: 
120  inches  down  line.  First  trace:  234  inches  down  line.  Vertical 
scale  20  mV/div.  EH-125  generator.  10-volt  pulse  thru  10-dB 
pad  into  line.  Probing  by  500-ohm  (10  X)  probe  thru  10-dB  pad  into 
50-ohm  input  of  Tektronix  4S2  plug-in  unit  of  661  oscilloscope. 
Horizontal  scale:  5 ns/div. 


Fig-  33.  Second  trace  of  Fig.  28  superimposed  on  second  trace  of 
Fig.  29.  Vertical  scale:  uncalibrated.  Horizontal  scale:  500  ps/div. 


F ig-  29.  Passive  line.  Third  trace:  front  end  of  line.  Second  trace: 
120  inches  down  line.  First  trace:  234  inches  down  line. 


Fig.  34.  Same  as  Fig.  33  with  one  trace  inverted. 
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Fig.  40.  First  trace:  active  line  204  inches  down  line.  First  two  spikes 
are  signal  traveling  down  line.  Second  two  spikes  are  signal 
reflected  back  from  the  open  circuit  at  270  inches  down  line. 
Second  trace:  passive  line.  Vertical  scale:  10  mV/div.  Horizontal 
scale:  5 ns/div. 


Fig.  36 

Figs.  35  and  36.  Same  as  Figs.  28  and  29  but  with  front  end 
of  passive  line  shorted  to  ground  instead  of  open. 


Same  as  Fig.  40  but  with  far  end  of  active  and 
passive  lines  shorted  together. 


Fig.  42.  Same  as  Fig.  40  but  with  120  ohms  (^2 Z0p)  connected 
between  the  far  ends  of  the  active  and  the  passive  line. 


Fig.  38 

Figs.  37  and  38.  Same  as  Figs.  28  and  29  but  with  a step 
introduced  into  the  active  line  instead  of  a narrow  spike 


A "3oon 


. 43.  Same  as  Fig.  40  but  with  the  two  lines  terminated  in  the 
correct  delta  of  resistors.  Vertical  scale:  Uncalibrated.  Horizontal 
scale:  5 ns/div. 


Fig.  39.  Pictures  taken  at  the  far  end  of  270-inch-long  lines  (nega- 
tive signals).  Vertical  scale:  uncalibrated.  Horizontal  scale 
500  ps/div. 
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Fig.  44.  Same  as  Fig.  43  but  to  a different  vertical  scale. 


Fig.  45.  Same  as  Fig.  44  but  with  300-ohm  resistor  removed. 

IX.  Methods  of  Determining  Z0,  Z0o,  Z0e , c,  c0,  cet 
Fast  Crosstalk  and  Velocity  Percent  Difference 

Resistive  Paper 

It  was  found  that  the  easiest  way  to  determine  these 
values  was  by  painting  electrodes  onto  resistive  paper  to 
represent  a cross  section  of  the  two  lines  and  also  the 
voltage  plane.  (It  is  possible  to  avoid  the  tedium  of 
painting  the  voltage  plane  by  repeating  the  image  of  the 
conductors  below  the  voltage  plane,  and  leaving  the 
voltage  plane  out). 

The  following  values  can  be  measured  directly:  L,  the 
inductance  per  unit  length  of  a single  line  above 
a ground  plane,  by  using  a resistance  meter  and  apply- 
ing the  correction  factor;  juo/p,  where  p resistance  per 
square  of  the  paper  and  p0  = the  permeability  of  free 
space,  Let  the  inductance  per  unit  length  in  the  even 
mode,  and  L0)  the  inductance  per  unit  length  in  the  odd 
mode,  can  be  measured  in  a similar  way. 

It  is  more  difficult  to  measure  capacitance  per  unit 
length,  because  two  dielectrics  are  involved,  both  air 
(er  = l)  and  epoxy  glass  (€r  = 4.5).  To  get  correct  mea- 
surements, it  would  be  necessary  to  have  resistive  paper 
with  4J  times  the  resistivity  in  the  region  representing 
air,  above  the  board.  This  would  be  very  difficult  to 
achieve.  Instead,  the  author  cut  away  the  paper  com- 
pletely in  the  area  representing  air,  so  simulating  a 
dielectric  with  cr  = 0.  He  then  took  a measurement,  and 
weighted  it  by  a factor  1/4.5  towards  the  measurement 
made  before  cutting  away  the  paper.  The  author  esti- 
mates that  in  lines  of  practical  dimensions  the  resulting 
error  for  the  value  of  6,  Ge  and  G0  is  less  than  16  per- 
cent. Since  the  important  values,  Z and  c,  depend  upon 


the  square  root  of  the  capacitance,  an  error  of  less  than 
8 percent  can  be  expected  in  all  the  values  that  are  of 
importance. 

For  parallel  lines  of  the  dimensions  shown  in  Fig.  26, 
resistive  paper  methods  indicated  a ratio  of  Zoe/Z0o 
= 1.76.  Fig.  33,  indicates  a ratio  of  1.89. 

The  greatest  inaccuracy  will  occur  in  calculation  of 
percent  velocity  difference  between  two  lines  which  are 
closely  spaced.  The  resistive  paper  results  are  always  on 
the  safe  side,  indicating  a greater  velocity  difference  than 
actually  exists.  In  the  exaggerated  case  shown  in  the 
figures  in  Section  IX,  where  FX  had  the  unreasonably 
high  value  of  31  percent,  there  was  an  overestimate  of 
percent  velocity  difference  of  some  50  percent.  The  ac- 
tual percent  velocity  difference  was  9 percent,  but  the 
percent  predicted  by  resistive  paper  was  15  percent.  So 
the  designer  who  used  resistive  paper  values  would  be 
overdesigning.  However,  in  practical  cases,  where  the 
lines  are  more  widely  separated,  the  discrepancy  can  be 
expected  to  fall  off.  So  in  practical  cases,  the  graphs  of 
FX  and  also  DX  will  have  ample  accuracy.  This  is  con- 
firmed by  the  fact  that  an  excellent  correlation  exists  be- 
tween the  graphs  of  FX  and  the  amplitude  of  FX  that 
is  measured  experimentally  from  fabricated  boards  when  j 
FXis  of  reasonable  (practical)  amplitude,  say  5 percent  j 

f 

or  10  percent.  I 

f 

Calculation  l 

Methods  so  far  devised  are  not  very  accurate  (refer-  : 

ence  [l 6 ] , page  109).  I 

i 

Direct  Measurement  i 

Once  a board  has  been  fabricated  with  two  long  par-  j 
allel  surface  lines,  it  is  reasonably  easy  to  send  a voltage  j 
step  down  one  line  and  measure  the  resulting  maximum  i 
FX  on  the  other  line.  | 

So  the  ratio  I 

max.  FX  Zq6  — Zoo 

signal  Zoe  + Z0o 

t 

can  be  determined  experimentally.  The  results  agree  | 
very  well  in  the  5 percent  and  10  percent  range  with  re-| 
suits  arrived  at  by  resistive  paper.  | 

In  this  same  range,  it  is  not  practicable  to  determine! 
percent  velocity  difference  experimentally,  because  it  isj* 
so  small.  As  previously  stated  in  the  section  on  resistivej 
paper,  the  experimental  results  for  percent  velocity  dif-| 
ference  for  closely  spaced  wires  are  significantly  loweif 
than  the  values  measured  with  resistive  paper.  The* 
author  recommends  that  the  designer  stay  on  the  safe* 
side  by  using  the  larger,  resistive  paper,  values  fori 
percent  velocity  difference.  These  are  the  ones  shown  in! 
the  graph.  • 

f 

X.  Graphic  Description  of  Crosstalk 
between  Surface  Lines 
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Fig.  46.  Plan  view  of  parallel  surface  conductors. 


Fig.  47.  Cross  section  of  surface  active  transmission  line  and  passive  transmission  line. 
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Fig.  48.  Diagrammatic  representation  of  active  transmission  line  and  passive  transmission  line. 
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Fig.  49.  Signal  waveforms  at  various  points  down  the  active  and  passive  lines. 
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XI.  Theory  of  Crosstalk  in  Surface  Lines 

TEM  waves  are  not  possible  in  an  inhomogeneous 
medium  (references  [7],  page  362;  [8],  page  5.4;  [9], 
page  1651;  [lO],  page  299).  However,  it  is  usually  as- 
sumed that  the  signal  propagation  in  a surface  printed 
wire  above  a ground  plane  is  TEM,  (reference  [ll],page 
486)  and  there  is  some  justification  for  this  (reference 
[8],  page  5.6). 

If  a digital  signal  is  not  significantly  distorted  when  it 
travels  down  a surface  conductor,  then  the  propagation 
mode  must  approximate  to  TEM.  A comparison  of  the 
steady-state  charge  density  distribution  for  steady 
voltage  on  the  line  and  the  current  density  distribution 
on  the  line  for  minimum  magnetic  flux  per  unit  current 
will  indicate  how  much  the  propagation  mode  will  differ 
from  TEM.  With  a homogeneous  dielectric  and  conduc- 
tors of  zero  resistivity,  these  two  distributions  are  the 
same,  and  propagation  is  pure  TEM.  With  an  inhomo- 
geneous dielectric,  these  two  steady-state  distributions 
will  differ.  However,  during  any  transient,  charge  and 
current  distribution  must  be  the  same.  So  after  the 
voltage  current  transient,  there  will  be  redistribution  of 
charge  and  current  about  the  conductor  to  meet  the 
necessary  steady-state  requirements  of  maximum  ca- 
pacitance and  minimum  inductance  to  maximize  the 
energy  stored  in  the  line.  In  the  case  of  a printed  wire 
above  a ground,  it  can  be  assumed  that  all  three  distri- 
butions are  very  similar,  so  that  the  redistribution  is 
small,  and  deviation  from  TEM  propagation  is  negligi- 
ble. 

Experience  that  a digital  signal  travels  down  a surface 
conductor  with  little  distortion  (rise  time  degradation) 
confirms  this.  Only  TEM  mode  will  give  propagation 
without  distortion. 

The  following  theory  draws  on  the  fine  work  of  M. 
Cotte  of  20  years  ago,  and  is  of  interest  from  an  histori- 
cal point  of  view.  However,  the  new  approach  in  the 
appendices  of  this  paper  is  simpler  and  clearer.  The 
results  of  the  two  approaches  can  be  shown  to  be  the 
same. 

The  system  considered  here  consists  of  two  parallel 
conductors  on  a dielectric  board  above  a ground  plane, 
as  shown  in  Figs.  50  and  25.  The  partial  differential 
equations  describing  the  system  are 


dh 

dV  i 

dVo 

= c 

r 

^ m 

dx 

dt 

dt 

dl2 

dV2 

dV 

— 

= — 

Cm 

+ c — 

dx 

dt 

dt 

dVi 

dl  1 

dh 

— _ — . 

= L 

+ M 

dx 

dt 

dt 

dV2 

dh 

dh 

— _ — . 

= M 

+ L 

dx 

dt 

dt 

(references  [l 7],  page  344;  [5],  page  381;  [l  1 ],  page  486) 
where  C is  the  capacitance  per  unit  length  of  each  line, 


Fig.  50.  Diagram  of  two  parallel  conductors  on 
a dielectric  board  above  a ground  plane. 


Cm  is  the  capacitance  between  the  lines,  L the  induc- 
tance per  unit  length  of  each  line,  and  M the  mutual 
inductance  between  the  lines.  These  equations  are  valid 
only  for  a TEM  mode  of  propagation. 

To  solve  these  equations,  each  variable  is  replaced  by 
its  Laplace  transform;  L[Ei]  = V\,  etc. 


dh 

(i) 

= CsVl  - CmSV 2 

dx 

dl2 

(2) 

= 

= - CrnSV1  + CsV2 

dx 

dVi 

(3) 

= 

= Lsh  + Msh 

dx 

dV2 

(4) 

- 

= Msh  + Ls72. 

dx 

Differentiating  (3)  and  (4)  and  combining  them  with 
(1)  and  (2),  results  in 

d2V i _ x „ 

= (LC  - MCm)s2V1  + ( MC  - LCm)s2V2  (5)  i 

dx2  | 

d2V2  __  _ 

(MC  - LCm)s2V i + (LC  - MCm)s2V2.  (6) 

dx 2 

To  simplify  the  solution,  a common  mode  CM  and  a 
differential  mode  DM  of  propagation  are  now  defined: 

Va  = V1  + V2  la  = 7l  + I2  CM  (7) 

Vb  = V1  - V2  J&  = 7i  — I2  DM.  (8) 

Adding  and  subtracting  (5)  and  (6)  results  in 

d2V  _ 

= (L  + M)(C  - Cm)s2Va  (9) 

dx 2 I 

— = a - m)(c  + c„)i2n.  (io)  ; 

dx2  l 

t 

The  solutions  of  these  two  differential  equations  are  I 

V„  = + £2«-,(i/c*)  (11)  [: 

Vb  = E3e’^'^  + £4«-«  (*/c.)  (12)  ' 

r 

where  l 

c - 1 and  c - 1 ■ 1 

‘ V(L+M)(C-Cm)  ° V(L-M)(C+Cm ) f 

It  can  be  shown  that  when  there  is  a homogeneous  me-  ‘ 
dium,  Cm/C=  M/L  and  ce  = c0.  However,  in  this  case,? 
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Fig.  51.  Diagram  of  a two  wire  transmission  line. 


with  both  a dielectric  board  and  air  the  medium  is  not 
homogeneous. 

To  solve  for  the  currents,  (11)  and  (12)  are  substituted 
into  (3)  and  (4)  to  obtain 


1 r 

I„  = — [-£*?■<*/«•>  + «•>] 

1 r 

It  = — + £4«-«<*/  O] 

Zb 


(13) 

(14) 


where 


Z + Af 


c - a 


and  Zh  = 


L-M 


Vi,  Vi,  I\  and  h can  now  be  determined  at  any  point 
on  the  lines  by  using  the  relationships 


Vi  = | (F«  + F&)  I ! = §(/«  + /6)  (15) 

V2  = i(Va  - n)  I2  = 1(7 a - 7»).  (16) 


Appendix  I 

Proof  that  Only  One  Type  of  Wave-Front 
Pattern  Can  Be  Propagated  Down 
a Two-Wire  System 

In  Fig.  51,  assume  that  a current-voltage  step  i,  v,  is 
traveling  down  the  parallel  lines  AA',  GG'  from  left  to 
right  with  a velocity  c.  Assume  that  no  change  of  cur- 
rent, voltage  or  electromagnetic  fields  is  taking  place 
except  in  the  plane  at  right  angles  to  ^4^4'  passing 
through  the  point  where  the  step  is  at  that  moment.  At 
every  point  to  the  right  of  the  step,  the  voltage  between 
the  two  lines  is  zero  and  the  current  is  zero.  At  every 
point  to  the  left  of  the  step,  the  voltage  between  the 
two  lines  is  v,  the  current  in  ^4^4'  is  i and  the  current 
in  GG ' is  —i. 

Now  use  Faraday’s  law  of  induction  around  the  loop 
A A'  G'G.  This  later  became  one  of  Maxwell’s  equations 
(reference  [l 5 ] , page  302).  The  law  states  that  the  total 
voltage  induced  around  a contour  C (in  this  case  ^4^4' 
G'G)  is  equal  to  the  negative  time  rate  of  change  of 
magnetic  flux  through  this  contour 

d<f> 

flback  EM  F ~ * (17) 

dt 

Now  define  L as  the  self-inductance  per  unit  length  of 
the  pair  of  conductors  ^4^4'  and  GG' 


i 


Now  in  time  dt,  the  current  step  will  have  traveled  a 
distance  5s , where  ds/81  — c. 

The  change  of  flux  in  the  loop  G'G  will  be 

8<f>  = Lds’i.  (18) 

Substituting  in  (17)  for  8<f>  brings 

ds 

2’back  EMF  — ” Li  ~ = “ Lie.  (19} 

dt 

Now  the  total  voltage  around  the  loop  ^4^4 ' G'G  must 
be  zero,  by  one  of  Kirchoff’s  laws. 

So  there  must  be  an  impressed  voltage  placed  across 
AG  where 

VaG  ~ ~ flback  EMF  = Lie.  (20) 

Equation  (20)  gives  one  necessary  condition  relating 
voltage,  current  and  velocity  for  the  current  step. 
There  is  a second  condition,  which  derives  from  the 
principle  of  conservation  of  electric  charge.  Current, 
and  therefore  charge,  is  continually  entering  the  con- 
ductor A A'  at  A,  and  this  current  charges  the  line  ^4^4' 
relative  to  GG'  to  a voltage  v. 

Let  C be  defined  as  the  capacitance  per  unit  length 
between  the  conductors  A A'  and  GG' : 


C = 


9 

v 


Now  in  a time  5/,  a quantity  of  charge  8q  = idt  will 
charge  up  a length  of  line  8s  to  a voltage  v.  The  capaci- 
tance of  this  length  8s  is  C8s.  Therefore 


Rearranging, 


iht 

C8s  = — • 
v 


(21) 


Equations  (20)  and  (21)  give  the  two  necessary  con- 
ditions relating  voltage,  current  and  velocity  for  a cur- 
rent step  traveling  down  two  parallel  lines. 

If  (20)  is  divided  by  (21), 

v LicCc 

v i 


c = ± 


1 

vie  ’ 
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Fig.  52.  Diagram  of  two  parallel  conductors  above  a ground  plane,  and  their  images. 


We  neglect  the  negative  solution,  because  we  are  in- 
terested only  in  signals  traveling  from  left  to  right. 


C — + 


VLC 

Substituting  for  c in  (20)  we  get 


(22) 


v /L 

— = + A / — = characteristic  impedance  Z, 
i VC 


(23) 


Conclusion : If  a current  voltage  step  v , i}  travels  down 
a pair  of  parallel  lines,  the  following  conditions  always 
apply: 

v = iZ , where  Z is  a constant  for  the  lines. 
c=l/VLC  where  L and  C are  constant  for  the  lines. 


Appendix  II 

Proof  that  Only  Two  Types  of  Wave-Front 
Patterns  Can  Be  Propagated  Down  a 
System  of  Two  Wires  and  Ground  Plane 

In  Fig.  52,  the  method  of  images  is  used;  it  is  assumed 
that  is  — —ia,  i<j  = —ip.  The  following  terms  are  defined 
for  steady  state  conditions: 

L = Magnetic  flux  per  unit  length  between  AAf  and 
BB'  when  unit  current  flows  down  ^4^4'  and 
back  on  BBf. 

M ~ Magnetic  flux  per  unit  length  between  ^4^4'  and 
BB'  when  unit  current  flows  down  PP'  and  back 
on  QQ'. 

C=  Charge  per  unit  length  on  ^4^4'  and  BB'  which 
produces  unit  voltage  drop  between  A A'  and 
BB'  = 1 /coefficient  of  capacitance. 

D = Charge  per  unit  length  on  A A'  and  BB'  which 
produces  unit  voltage  drop  between  PP'  and 
QQ' = 1 /coefficient  of  induction.  This  could  well 
be  called  “ Mutual  Capacitance.” 


Now  assume  that  a wave  front  involving  current 
steps  G and  iP  is  traveling  down  the  lines  with  a veloc- 
ity c. 

From  v — d^/dt  between  ^4^4'  and  BB'f  we  get  (as  in 
(19)), 

vab  = LiAC  + Mipc.  (24) 


Similarly  v = d<j>/dt  between  PP'  and  QQ' , so 
vPq  = LipC  T MiAC. 

Also,  from  v~q/C , (as  in  (21)), 


vab  = 


vPq  — 


%A  . 

ip 

“ b 

Cc 

Dc 

ip 

iA 

+ 

Cc 

Dc 

First  find  c. 

Eliminate  voltages  from  (24)  through  (27). 
From  (24)  and  (26), 


LIac  + MipC  — 
LIac2  + Mipc 2 = 

lA 

ip 


iA 


Cc 

iA 

C 


ip 


ip 


(25) 

(26) 
(27) 


(28) 


Similarly,  from  (25)  and  (27), 


(29) 


"wi  i ji-i  «n  ■■  u iu,i  uni  up 
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Eliminate  %a  and  ip  from  (28)  and  (29)  to  get 


So  in  the  forward  direction  there  are  two  possible 
velocities  of  propagation, 


or 


Returning  to  (28)  and  using  the  results  for  c,  we  find 
that  the  following  two  wave  fronts  are  possible: 


1)  EM  wave 


Z0e  ~ (L  + M)  ^ 

ia  — ip 

VAB  — VpQ. 


2)  OM  wave 


z>-  i/(I  - m (I  - i) 


ia  — — ip 


VAB  — ~ VPQ- 
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